Modeling The Business Cycle
Part II - Net Income And Investment

Gary Schurman, MBE, CFA
October, 2020

In this white paper we will build a model that calculates net income and investment for a company whose revenues
are correlated with the business cycle. To that end we will work through the following hypothetical problem from
Part I...

Our Hypothetical Problem

In Part I we were tasked with forecasting revenue for ABC Company. The table below presents ABC Company’s
go-forward model assumptions...

Table 1: Model Assumptions

Description Balance Notes

Annualized revenue at time zero (in thousands)  $10,000 Current revenue annualized

Annualized revenue growth rate (%) 5.00 Discrete-time secular growth rate (RGR)
Annualized revenue volatility (%) 25.00 Secular growth rate standard deviation
Assets as a percent of annualized revenue (%) 60.00 Total assets divided by annualized revenue
Return on assets (%) 13.50  After-tax ROA

Peak-to-trough change in revenue (%) 50.00 Excludes secular growth rate

Business cycle length in months 60 Peak-to-peak or trough-to-trough

We are tasked with answering the following questions:
Question 1: What is cumulative net income in year 27
Question 2: What is cumulative net investment in year 27

Question 3: Graph net income, investment and the earnings growth rate over the first 10 years.

Annualized Revenue

In Part I we defined the variable R; to be cyclical random annualized revenue at time ¢, the variable g to be the
secular revenue growth rate, the variable A to be the business cycle amplitude, the variable w to be the length of
the business cycle in years, and the variable ¢ to be the current position in the business cycle in years. The equation
for expected annualized revenue is... [1]

E [Rt} =Ry (1 + A sin(g gb)) _1Exp {/\t} (1 + A sin(B (t + ¢))> ..where... A =In(1+g) ..and... 8 = %” (1)

Note that we can rewrite Equation (1) above as...

E [Rt} =Ry (1 + A sin(j ¢)> - (Exp {)\t} + AExp {)\t} sin(f (t + ¢))) (2)

Using Appendix Equation (20) below we can rewrite Equation (2) above as...

E[Rt] =Ry (1 + A sin( qs))_l <E1 + AE2> (3)



Using Equation (3) above and Appendix Equations (24) and (25) below the equation for the derivative of expected
annualized revenue with respect to time is...

;E[Rt] = R0<1 + A sin(8 ¢))1 ((ft Er+A % EQ)
= Ry (1 + A sin(8 ¢))1Exp {)\t} (A +AXsin(B(t+ ¢)) + AB cos(B(t + d)))) (4)

Assets

We will define the variable A; to be total assets at time ¢ and the variable € to be the ratio of total assets to
annualized revenue. Using Equation (3) above the equation for expected total assets at time ¢ from the perspective
of time zero is...

E[At} =cE {Rt} =eRy (1 + A sin(B qs))l (E1 + AE2> (5)

Using Equation (4) above the equation for the derivative of total assets with respect to time is...

(;StE[At} —c % E {Rt} 5t =¢Ry <1 + A sin(8 qS))lExp {At} <>\ +AXsin(B(t+¢)) + A B cos(B(t + ¢>>)) (6)

We will define the variable M, ; to be cumulative investment over the time interval [a, b]. Using Equation (6) above
the equation for cumulative investment is...

b
o
Ma,b - /E IE |:At:| (5t

a

= /beRO (1 + A sin(B ¢)) - ()\ Exp {)\t} + A BExp {)\t} cos(B(t+¢)) + AXExp {)\t} sin(3 (t + qb)))ét

a

eR0<1+A sin(ﬂgb))l(A/bExp{)\t} 5t+A5)\/bExp{>\t}cog(ﬁ(t+¢))6t+A/\/bExp{)\t}sin(ﬂ (t+¢))5t)

(7)
Using Appendix Equations (21), (22) and (23) below we can rewrite Equation (7) above as...
Ma,b = GR() ()\I(a,b)l +A5I(a,b)3+A)\I(a,b)2) (8)

Net Income

We will define the variable N; to be annualized net income at time ¢ and the variable 7w to be the after-tax return
on assets. Using Equation (5) above the equation for expected annualized net income at time ¢ is...

Nt = 7TE|:At:| = €7TE|:R{| (9)
Using Equation(6) above the derivative of annualized net income with respect to time is...
4] o ]
—Ne=m—E|A| =en-E 1
AT [ t] Tt {Rt} (10

We will define the variable EGR; to be the annualized earnings growth rate at time ¢. Using Equations (1), (4),
(9) and (10) above the equation for the earnings growth rate is...

5iNe _ A+ A (B cos(B(t+¢)) + Asin(B (t+9)))
N, 1+ Asin(B(t+ o))

EGR, = (11)



We will define the variable N, ; to be cumulative net income realized over the time interval [a,b]. Using Equations
(5) and (9) above the equation for cumulative net income is...

b

Na,b:/bNtét:/wE[At} 5t:/meo<1+Asm(ﬁ(t+¢>)>>Exp{At} 5t (12)

a a

Note that we can rewrite Equation (12) above as...

Nap = WeR()(/bExp{/\t} 6t—|—A/bExp{>\t} sin(j3 (t+¢))6t> (13)

Using Appendix Equations (21) and (22) below we can rewrite Equation (13) above as...

Na,b =meRy (I(a, b)l + Al(a, b)2> (14)

The Answers To Our Hypothetical Problem

Using the data in Table 1 above we will make the following earnings-related variable definitions...
a=A=1In(1+0.05) =0.0488 ...and... 7 =0.1350 ...and... € = 0.60 (15)

Using the data in Table 1 above we will make the following business cycle-related variable definitions...

60 15 27 0.50
= — =5.00 ... e p=—=1.25 ... e p=—==1.2 e A=——=0.2 1
W= 15 5.00 ..and... ¢ D 5 ..and... 8 200 566 ...and 5 0.25 (16)

Using Equations (15) and (16) above and the appendix equations below the values of the following integrals are...
1(1,2); = 1.07604 ...and... I(1,2)2 = —0.31609 ...and... I(1,2)5 = —0.95572 (17)

Question 1: What is cumulative net income in year 27

Using Equations (14), (15), (16), and (17) above the answer to the question is...

-1
N3 3 = 0.1350%0.60 %10, 000, 000 x <1+0.25><sin(1.2566><1.25)) X (1.07604+0.25><—0.31609> = 646,000 (18)

Question 2: What is cumulative net investment in year 27

Using Equations (8), (15), (16), and (17) above the answer to the question is...

—1
M3 3 = 0.60 x 10,000,000 x (1 +0.25 x sin(1.2566 x 1.25)) X <0.0488 x 1.07604 + 0.25 x 1.2566
x —0.95572 4 0.25 x 0.0488 x —O.31609> = —1, 208,000 (19)

Note that during year 2 annualized revenue was decreasing (due to cyclicallity) so assets were also decreasing such
that net investment was negative.

Question 3: Graph net income, investment and the earnings growth rate over the first 10 years.



Figure 1: Net Income and Investment Figure 2: Earnings Growth Rate
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Appendix
A. We will define the following equations... [2]

E —Exp{at} ..and... B, _Exp{at}sin(ﬁ (t+¢)) ..and... B3 —EXp{at} cos(B (t + ¢))

B. Using the first equation in Equation (20) above we will make the following integral definition... [2]

b
b
I(a,b); z/E15t=Exp{at} al[

C. Using the second equation in Equation (20) above we will make the following integral definition... [2]

b

I(a.b) = /bE2 ot = Exp {O‘t} (O‘ sin(B (t + ¢)) — B cos(B (t + ¢))> (a2 + 62>1 [

a

D. Using the third equation in Equation (20) above we will make the following integral definition... [2]

b

a

Ta.b)s = /b Ey 6t = Exp {at} (B sin(B (t + ¢)) + a cos(5 (¢ + ¢>>) (a2 + 6)[

E. Using the first equation in Equation (20) above we will make the following derivative definition... [2]

ot

F. Using the second equation in Equation (20) above we will make the following derivative definition... [2]

éE1 = aExp {at}

%EQ = Exp {at} (a sin(B (t + ¢)) + B cos(B (t + fb)))

G. Using the third equation in Equation (20) above we will make the following derivative definition... [2]

0 gy = Exp {at} (a cos(B (t + 6)) — B sin(B (t + ¢>>>

(20)

(21)

(22)

(23)
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